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Happy TWOsday!

4.1 Related Rates
4.2 Linear Approximations and Differentials
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X
A building that is 225 feet tall casts a shadow of various lengths as the day goes by. An angle of elevation 8

is formed by lines from the top and bottom of the building to the tip of the shadow, as seen in the figure
above.
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Find the rate of change of the angle of elevation i when z = 121.
dx

a'(121) o* radians per foot. Round to five decimal places.
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Related Rates

In a parametric function, you have a pair of x and y values (that are related to each other), they form
one curve, but each variable is actually dependent on time.

Example. Suppose you drop a pebble in a pond. This sets up ripples on the water. Those ripples are
circular. The circumference of the circle is always C = 27r, but since the ripples are expanding outward
from where the pebble fell, the radius r is changing with time r(t). That means the circumference is

also changing with time.



If the radius and circumference are changing (they are not constant), then the rates of change are also
changing with time, and the rates of change are also related.

Area is A = mr?, the rate of change will depend on the rate of change of 7, but also 7 itself.

Starting with the circumference.
C =2nr
C(t) = 2mr(t)

The assumptions we are making are that all the variables in the equation are themselves functions of
time.

That means when we take the derivative with respect to time we need to take the derivative of all
variables implicitly.

dcC dr
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Typically, the problem will then give you some information about one of the rates (and any remaining
variables), and then you have to solve for the other.

ar cm dC cm cm
Suppose i 17, P 21 (1 T) = 6.287

A(t) = nr?(t) = n[r()]?

dA_ (2)(dr>_2 dr
dt—n T 1) = r

ar cm
Supposea = 1T'T =6Ss

dA cm cm cm
Then 22 = 271(6) (17) =121 ~ 377

Step 1: set up the (usually geometric) equation that relates the variables in the problem.

Step 2: find the related rate equation (take the derivative with respect to time)

Step 3: you may also need a relationship between other variables in the problem (this is to reduce the
number of variables in the problem).

Step 4: plug in whatever information they’ve given you about one rate, and the other variables

Let’s think about the example above with the building and the changing angle.
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The building has a fixed height, but the there is a person x feet away from the building walking backward
at arate of% = 1%.

What is the rate of change of the angle (in radians) when the person is 150 feet away.

225
tanf = —
X

) do 225 dx
secc g - =

dt ~ x? dt
Hypotenuse is V2252 + x2 using the Pythagorean theorem.

V2252 + x2

X

secl =

x dt  xZ dt

(\/2252+x2>2 do 225 dx

ae
(2252 + XZ)E = —225—

do 225 dx

dt 2252+ x2dt

ao 225 ( ft radians

— = ——=——"—|1—) = —0.0030769 ...
dt 2252 + 1502 )
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In units of radians per second (feet units cancel).

A conveyor belt is dropping refined sand onto a conical pile with a circular base that has a base whose

3
radius is twice as large as its height. The volume of the pile is changing at a rate of 1000 % Find the
rate at which the height of the pile is changing if the height is currently 50 feet.
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